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ABSTRACT 


In this paper, we made an attempt to study the algebraic nature of a (T, S)-intuitionistic fuzzy subnearring of a 
nearring. 
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INTRODUCTION 


After the introduction of fuzzy sets by L.A.Zadeh[16], several researchers explored on the generalization of the concept 
of fuzzy sets. The concept of intuitionistic fuzzy subset was introduced by K.T.Atanassov[4, 5], as a generalization of 
the notion of fuzzy set. Azriel Rosenfeld[6] defined the fuzzy groups. Asok Kumer Ray[3] defined a product of fuzzy 
subgroups. The notion of homomorphism and anti-homomorphism of fuzzy and anti-fuzzy ideal of a ring was 
introduced by N.Palaniappan & K.Arjunan [13, 14]. In this paper, we introduce the some Theorems in 
(T, S)-intuitionistic fuzzy subnearring of a nearring. 


1.PRELIMINARIES: 


1.1 Definition: A (T, S)-norm is a binary operations T: [0, 1]x[0, 1] — [0, 1] and S: [0, 1]x[0, 1] — [0, 1] satisfying 
the following requirements; 

(i) T(O, x)= 0, T(1, x) = x (boundary condition) 

(ii) T(x, y) = TV, x) (commutativity) 

(iii) T(x, T(y, z))= T (T(%,y), z)(associativity) 

(iv) ifx <y and w<z, then T(x, w) <T (y, z) (monotonicity). 

(v) S(O, x) =x, S (1, x) = 1 (boundary condition) 

(vi) S(x, y ) = S (y, x )(commutativity) 

(vii) S (x, S(y, z))= S (S(x, y), Z) (associativity) 

(viii) if x < y and w <z, then S (x, w) <S (y, z) (monotonicity). 


1.2 Definition: Let (R, +, . ) be a nearring. A fuzzy subset A of R is said to be a T-fuzzy subnearring (fuzzy 
subneatring with respect to T-norm) of R if it satisfies the following conditions: 

(i) Halx-y) = TC Ha), Maly) 

(ii) Ha(xy) = T( Ha(X), Ha(y)) for all x and yin R. 


1.3 Definition: Let (R, +, . ) be a nearring. An intuitionistic fuzzy subset A of R is said to be an (T, S)-intuitionistic 
fuzzy subnearring ( intuitionistic fuzzy subnearring with respect to (T, S)-norm) of R if it satisfies the following 
conditions: 


(i) Ha(k— y) 2 T (wal), Haly)) 
(ii) Ha(xy) 2 T (Ha(s), Maly) ) 
(iii) va — y) <S (vaQ), valy)) 
(iv) va(xy) < S (va(X), va(y)) for all x and y in R. 
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1.4 Definition: Let A and B be intuitionistic fuzzy subsets of sets G and H, respectively. The product of A and B, 
denoted by AxB, is defined as AxB = {((x, y), Haxp(X, y), Vaxp(X, y)) / for all x in G and y in H}, where pUa,2(x, y) = 
min{La(x), Up(y)} and Vaxp(X, y) = max{va(x), va(y)}- 


1.5 Definition: Let A be an intuitionistic fuzzy subset in a set S, the strongest intuitionistic fuzzy relation on S, that is 
an intuitionistic fuzzy relation on A is V given by py(x, y) = min{pa(x), Ha(y)} and vy(x, y) = max{va(x), va(y)} for 
all x and yin S. 


1.6 Definition: Let (R, +, .) and (R', +, .) be any two nearrings. Let f: R— R' be any function and A be an (T, S)- 
intuitionistic fuzzy subnearring in R, V be an (T, S)-intuitionistic fuzzy subnearring in f(R) = R', defined by py(y) = 


SUP Halx) and vy(y) = inf va(x) for all x in R and y in R'. Then A is called a preimage of V under f and is 
xef'(y) xef'(y) 
denoted by f '(V). 


1.7 Definition: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring (R, +,- ) and ain R. Then the pseudo 
(T, S)-intuitionistic fuzzy coset (aA)? is defined by ((apta)? )(x) = p(a)pa(x) and ((ava)’)(x) = p(a)va(x) for every x inR 
and for some p in P. 


2- PROPERTIES 


2.1 Theorem: Intersection of any two (T, S)-intuitionistic fuzzy subnearrings of a nearring R is a (T, S)-intuitionistic 
fuzzy subnearring of a nearring R. 


Proof: Let A and B be any two (T, S)-intuitionistic fuzzy subnearrings of a nearring R and x and y in R. Let A = {(x, 
La(X), Va(x)) / xeER} and B = {(x, p(X), vp(x)) / xeR} and also let C = AMB = {(x, Lc(X), vc(x)) / xeR} where 
min{Ha(x), He(x)} = p(x) and max {va(Xx), va(x)} = vc(x). Now pc(x-y) = min {Ha(x-y), Hp(x-y)} = min{T(pa(x), 
Ha(y)), TC ted, Ua(y))} = TC min{pa(x), Ha@x)}, min{ua(y), He(y)}) = TC uc), Ucly)). Therefore pic(x—y) = T(Hc(x), 
uc(y)) for all x and y in R. And pic(xy) = min {pa(xy), be(xy)} = min {TC pa(x), Haly)), TC Ha), aly) = 
Tamin{pHa(x), He(x)}, min{ua(y), Ha(y)}) = T(c(x), ucly)). Therefore uc(xy) = T(uc(x), Mcfy)) for all x and y in R. 
Now vc(x-y) = max {va(x-y), va(x-y)}< max {SC va(x), va(y)), SC vax), va(y))} < S@max {va(x), vad}, 
max {va(y), va(y)}) = S (vc(x), vc(y)). Therefore v-(x—-y) < S( vc(x), vc(y)) for all x and y in R. And v-(xy) = max 
{va(xy), Va(xy)} < max {S( va(x), valy)), S(va(X), vaCy))} < S( max {va(x), va(x)}, max {vaCy), vay} = S(ve(x), 
vc(y)). Therefore vc(xy) < S(vc(x), vc(y)) for all x and y in R. Therefore C is an (T, S)-intuitionistic fuzzy subnearring 
of a nearring R. 


2.2 Theorem: The intersection of a family of (T, S)-intuitionistic fuzzy subnearrings of nearring R is an (T, S)- 
intuitionistic fuzzy subnearring of a nearring R. 


Proof: It is trivial. 


2.3 Theorem: If A and B are any two (T, S)-intuitionistic fuzzy subnearrings of the nearrings R,; and R; respectively, 
then AxB is an (T, S)-intuitionistic fuzzy subnearring of R;xRo. 


Proof: Let A and B be two (T, S)-intuitionistic fuzzy subnearrings of the nearrings R; and R» respectively. Let x, and x» 
be in Ry, y; and y> be in Rp. Then (x1, y,) and (x2, yo) are in RyxRo. Now tase [(X1, Y)—(X2, V2)] = Waxes (K1-X2, Yi-Y2) = 
min {}a(Xi-X2), He(Yi-Yo)} 2 min{T(Ha(%1), Ha(X2)), T(ua(y1), Ua(y2))} 2 Tamin{ua(x1), He(yi)}, min{pa(x2), He(¥2)}) 
= T(Maxa(X1, Yi), axp(X2, Yo)). Therefore paxsl(X1, ¥1) —(X2, Y2)] = T(taxe (X%1 Yi), Haxp (X2, V2) ). Also Haxsl (X1, yi) 
(X2, Yo)] = Haxp( X1X2, Yi¥2) = min{pa(X1X2), Ma(Yiy2)} 2 min {T(ua%), Ha(X2)), TC ba(yy), bay2))} 2 Tain {Ha(x), 
Up(yi)}, min {Ha(X2), Up(y2)}) = T(laxp(&, Yi), Haxp(X%2, y2)). Therefore waxsl (X1, yi)(%2, y2)] 2 TC Waxe(X1, Yi) 
Laxp(X2, Y2)). Now Vaxpl(X1, ¥1) —(X2, Y2)] = Vaxe(X1—-X2, Yi- V2) = max{va(X1—-X2), Va(yi-ya)}S< max {S (va(X1), Va(X2)), 
S (ve(yv), Ve(y2))}< SCmax{va(x1), vea(y)}, max{va(x2), va(y2)}) = S(Vvaxe(k, yi), Vaxp(X2, Yo)). Therefore 
Vaxel (X1, Yi)-(X2, Y2)] S SC Vaxe(&1, Yi), Vaxp(X2, Y2)). Also Vaxel(Xi, ¥i)(X2, Y2)] = Vaxe(X1%2, Yiy2) = max {va(X1X2), 
Vva(y1¥2) }< max {S(va(X1), Va(X2)), S(vB(¥1), VB(V2)) FS S(max {va(X1), Va(¥i)}, Max{Va(X2), VB(¥2)}) = SQVaxs(% Yu), 
Vaxp(X2, Y2)). Therefore va,pl(%1, yi)(%2, Y2)] < S(Vaxp(&1 Yi), Vaxp(X2, Y2)). Hence AxB is an (T, S)-intuitionistic fuzzy 
subnearring of nearring of R;xRo. 
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2.4 Theorem: If A is a (T, S)-intuitionistic fuzzy subnearring of a nearring (R, +,:), then a(x) < pa(O) and 
va(x) = va(0) for x in R, the identity element 0 in R. 


Proof: For x in R and 0 is the identity element of R. Now pa(0) = pa(x—x) = T( a(x), Ha(X)) = Ha(x) for all x in R. So 
tta(X) < a(O). And vq(0) = va(x—x) < S( va(X), Va(X)) < va(X) for all x in R. So va(x) > va(0). 


2.5 Theorem: Let A and B be (T, S)-intuitionistic fuzzy subnearring of the nearrings R; and R> respectively. Suppose 
that 0 and 0, are the identity element of R; and R, respectively. If AxB is an (T, S)-intuitionistic fuzzy subnearring of 
R,xRo, then at least one of the following two statements must hold. (i) Up(0,) = Wa(x) and vp(0,) < va(x) for all x in R,; 


(ii) pa(0) = p(y) and va(0) < vp(y) for all y in Ro. 


Proof: Let AxB be an (T, S)-intuitionistic fuzzy subnearring of R;xR». By contraposition, suppose that none of the 
statements (i) and (ii) holds. Then we can find a in R, and b in Ry» such that pta(a) > pp(0,), va(a) < vp(0,) and 
1n(b) > Ha(0), va(b) < va(0). We have piaxa(a, b) = min{y1a(a), pa(b)}> min {u9(0), Ha(O)} = min {y1,(0), Us0)}= 
Haxp(0, 0,). And vayp(a, b) = max{va(a), va(b)}< max{vp(0,), va(0)}= max{v,(0), vp(0,)}= va.p(0, 0;). Thus AxB is not 
an (T, S)-intuitionistic fuzzy subnearring of R,xR». Hence either p1,(0,) => ua(x) and vp(0,) < va(x) for all x in R, or 
tta(0) = up(y) and va(0) <vp(y) for all y in Ro. 


2.6 Theorem: Let A and B be two intuitionistic fuzzy subsets of the nearrings R, and R, respectively and AxB is an 
(T, S)-intuitionistic fuzzy subnearring of R,;xR». Then the following are true: 

(i) if uaCx) < Wp(O,) and va(x) = vp(0,), then A is an (T, S)-intuitionistic fuzzy subnearring of R;. 

(ii) if Lt3(K) < pa(0) and vp(x) = va(0), then B is an (T, S)-intuitionistic fuzzy subnearring of Ro. 

(iii) either A is an (T, S)-intuitionistic fuzzy subnearring of R, or B is an (T, S)-intuitionistic fuzzy subnearring of Rp. 


Proof: Let AxB be an (T, S)-intuitionistic fuzzy subnearring of R;xR» and x and y in R, and 0, in R>. Then (x, 0,) and 
(y, 0,) are in R,;xR». Now using the property that pa(x) < up(0,) and va(x) = v,(0,) for all x in Ry. We get 
a(X-y) = min{Ha(x-y), pe(0,-0)} = pax (xy), (0,0) = Haxal (x, 9) -(y, 0)] 2 THa.w(X, 9)), Haxaly, 0))) = 
T(min{pHa(x), Ue(0))}, min{a(y), Ha(0,)}) = T(Ha(X), Ha(y)). Therefore pa(x—y) 2 T(ua(x), Ha(y)) for all x and y in Rj. 
Also pa(xy) = mint pa(xy), p5(00)} = bax (xy), (0,0) = pal 0)(y, 0)] 2 THaw(x, 0), Haxsly, 91) = 
T(min{Ha(x), Ha(0,)}, min{pa(y), He(0))}) = T(Ha(x), Ha(y)). Therefore pa(xy) 2 T(Ha(x), Ha(y)), for all x and y in Rj. 
And va(x-y) = max{va(x-y), vp(0,-0,)}= vaxs( (xy), (0,-0))) = vaxel (x, 0)-(y, 0))] S$ SC vaxe(% 01), Vax(y, 01) = 
S(max{va(x), vp(0,)}, max {va(y), vp(0,)}) = S(va(x), va(y)). Therefore va(x—y) < S(va(x), va(y)) for all x and y in R,. 
Also va(xy)= max{va(xy), va(0,0)}= vaxe ((xy), (0,0))) = vaxsl@x 9:) (y, 0)] < S(Vaxe(x, 0), Vaxs(y, 0:)) = 
S(max{va(x), vg(0))}, max{va(y), vp(0,)}) = S(va(x), Va(y)). Therefore va(xy) < S(va(x), va(y)), for all x and y in Rj. 
Hence A is an (T, S)-intuitionistic fuzzy subnearring of R,. Thus (i) is proved. Now using the property that 
p(x) < t4(0) and vp(x) = va(0), for all x in Ro, let x and y in R2 and 0 in R,. Then (0, x) and (0, y) are in R1xR2.We get 
bp(X-y) = min{Hp(x-y), 4a(O—0)}= min{ }14(0—0), pte(x—-y)}= Haxp( (0-0), (x—-y)) = Haxsl(0, x) (0, y)] = T( Hax8(0, x), 
paxn(0, y)) = T( min{pa(0), He(x)}, min{pa(0), Hay) = T(ue(x), Ue(y)). Therefore up(x—y) 2 S(t12(x), e(y)) for all x 
and y in R». Also pp(xy) = min{ug(xy), a(00)}= min{p,(00), up(xy)}= paxn( (00), (xy)) = paxsl(0, x) (0, y)] = 
T(HaxB(0, x), Haxn(0, y)) = Tamin{ya(O), ue@)}, min{pa(0), ue(y)}) = Tues), ua(y)). Therefore up(xy) 2 T(ua(x), 
ttp(y)) for all x and y in Ro. And vp(x—y) = max{vp(x—y), va(O—0)}= max{v,(0—0), vp(x—y)}= vaxp( (0-0), (x—-y) ) = 
Vaxpl(0, x) —(0, y)] $ S(vax8(0, X), Vaxn(0, y)) = SC max{va(0), va(x)}, max{v,(0), va(y)}) = S(va(x), Va(y)). Therefore 
Vp(x—-y) < S(vp(x), ve(y) ) for all x and y in Rp. Also vp(xy) = max{vp(xy), va(00)} = max{v,(00), vp(xy)} = vaxp((00), 
(xy) ) = vaxsl(0, x)(0, y)] S$ S(vax2(0, X), Vaxw(0, y)) = S(max{va(0), va(x)}, max{va(0), va(y)}) = S(va(x), va(y)). 
Therefore vp(xy) < S(vp(X), vp(y)), for all x and y in R>. Hence B is an (T, S)-intuitionistic fuzzy subnearring of a 
nearring R>. Thus (ii) is proved. (iii) is clear. 


2.7 Theorem: Let A be an intuitionistic fuzzy subset of a nearring R and V be the strongest intuitionistic fuzzy relation 
of R. Then A is an (T, S)-intuitionistic fuzzy subnearring of R if and only if V is an (T, S)-intuitionistic fuzzy 
subnearring of RxR. 


Proof: Suppose that A is an (T, S)-intuitionistic fuzzy subnearring of a nearring R. Then for any x = (x;, x2) and 
y = (y1, Y2) are in RxR. We have pty(x—y) = pyl(%1, X2) -(¥1, y2)] = Bv(Ki-y1, X2-y2) = min{va(xi-y1), Ha(X2-y2)}2 
min{T(ua(X1), Ha(y1)), TC Ha(&2), Ha(y2))t2 T(min {pa(%1), Ma(X2)}, min {ua(yi), Ha(¥2)}) = T(t (%1, X2), Hv (¥ Y2)) = 
T(uv (x), Ly (y)). Therefore ty(x—-y) = T(uy(x), v(y)), for all x and y in RxR. And uy(xy) =py[(%1, x2)(y1, y2)] = 
Mv(X1¥i, X22) = min{Ha(xiyi), Ma(X2y2)}2 min{T(ua(xi), Maly), T(tal%2), Haly2))}2 TCmin{ua(x:), Ha(k2)}, 
min{Ha(y1), Ha(¥2)}) = Tv, X2), Hv (Yt ¥2) ) = T(uv(X), Hv(y) ). Therefore, py(xy) 2 T(Hv(x), Hv(y)), for all x and y 
in RxR. We have vy(x-y) = vv [(X1, X2)— (¥1, Y2)] = vv(K1-¥1, X2- Yo) = max {Va(K1-y1), Va(X2-y2)}S max {S(va(x), 
Valyi)), S(va(X2), VaCy2))} < SGmax {va(X1), Va(X2)}, Max{va(yi), Va(V2)}) = SC vv(&1, X2), VV, Y2)) =S(vv(X), wy (y)). 
Therefore vy(x—y) < S(vy (x), vy (y)), for all x and y in RxR. And vy(xy) = vy[(x1, X2) (¥1, Y2)] = Vv( 191, X2Vo) = 
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max {va(X1Y1), Va(K2y2)}S max {S(va(X), Valy1)), S (Va(K2), Val¥2)) FS SCmax{va(x1), Va(X2)}, Max{va(yi), Val¥2)}) = 
S(vy(X1, X2), Vv(¥1, V2) = S(vy (x), vy (y)). Therefore, vy(xy) < S(vy(x), vy(y)), for all x and y in RxR. This proves that 
V is an (T, S)-intuitionistic fuzzy subnearring of RxR. Conversely assume that V is an (T, S)-intuitionistic fuzzy 
subnearring of RxR, then for any x = (xX;, X2) and y = (yi, y2) are in RxR, we have min{tUa(x;-y1), Ma(X2—-yo)} = 
My(X1-Y1, X2-Yo) = evl(X1, X2) -(¥, Y2)] = by &y) 2 T(Hy (), Hv(y)) = T(Hy (1, X2), Uv(¥, Y2)) = TC min{pa(x1), 
Ma(X2)}, min {Ha(yi), Ha(V¥2)}). If x2 = 0, yo= 0, we get, Ha(Xi- yi) 2 T(Ma(X1), Ha(y:) ), for all x; and y; in R. And 
min{MaQyi), Ha(X2y2)} = Mv(X1Y1, X2¥2) = MvE(&1, X21. Y2)] = pv(xy) 2 T(uv(X), Bv(y)) = Ti X2), Hv(¥s 2) = 
Tamin{pa(x1), Ha(X2)}, min {ta(y1), Ma(y2)}). If x2= 0, yo= 0, we get a(x1y1) = T (Ha(X1), HaCyy)), for all x, and y, in 
R. We have max {va(X1-Y1), Va(X2-V2) }= Vv( X1- V1, X2- Yo) = Vv [1 X2) -(¥, Y2)] = vv(x-y) < SC vv(X), vv(y) ) = 
S(vy(X1, X2), Vv(¥1; Y2)) = SCmax{va(x1), Va(X2)}, max {Va(y1), Va(V2)}). If x2 = 0, yo = 0, we get va(x:-yi) < S(va(xy), 
va(y1)) for all x; and y,; in R. And max {va(x1y1), Va(X2V2)} = Vv(X1¥1, X2V2) = VvL(X1, X2)(¥1 Y2)] = vv(xy) < S(vv(X), 
vv(y)) = S(vv(%1, X2), Vv(¥1, Y2)) = SQmax {va(x1), Va(X2)}, max {va(y1), Va(y2)}). If x2 = 0, yo = 0, we get va(x1y1) < 
S(va(X1), Va(y)), for all x, and y; in R. Therefore A is an (T, S)-intuitionistic fuzzy subnearring of R. 


2.8 Theorem: If A is an (T, S)-intuitionistic fuzzy subnearring of a nearring (R, +, . ), then H = {x / xeER: pa(x) = 1, 
Va(x) = 0} is either empty or is a subnearring of R. 


Proof: It is trivial. 

2.9 Theorem: If A be an (T, S)-intuitionistic fuzzy subnearring of a nearring (R, +, .), then (i) if ua(x—y) = 0, then 
either tt4(x) = 0 or bay) = 0 for all x and y in R. (ii) if ua(xy) = 0, then either t14(x) = 0 or pa(y) = 0 for all x and y in 
R. (iii) if va(x—y) = 1, then either v, (x) = lor va (y) = 1 for all x and y in R. (iv) if va(xy) = 1, then either v4 (x) = lor 
Va (y) = 1 for all x andy inR. 


Proof: It is trivial. 


2.10 Theorem: If A is an (T, S)-intuitionistic fuzzy subnearring of a nearring (R,+, . ), then LA is an (T, S)- 
intuitionistic fuzzy subnearring of R. 


Proof: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring R. Consider A = {(x, a(x), va(x))}, for all x in 
R, we take LA = B = {(x, p(X), Vp(x))}, where pp(x) = Ha(X), Va(X) = 1- ta(x). Clearly pp(x—y) > T( u(x), L(y) ) for 
all x and y in R and pp(xy) > T(1p(X), Up(y)) for all x and y in R. Since A is an (T, S)-intuitionistic fuzzy subnearring 
of R, we have pa(x—y) => T(ta(x), Ha(y)) for all x and y in R, which implies that 1- vg(x—y) => T((1- vg(x)), (1- va(y))), 
which implies that vp(x—y) < 1- T ((1- va(x)), (1- va(y))) < S (ve(x), va(y)). Therefore vp(x—y) < S(vp(x), ve(y)), for 
all x and y in R. And pa(xy)> T(pa(x), a(y)) for all x and y in R, which implies that 1—- vg(xy) > T((1-vp(x)), 
(1-v,(y))) which implies that vp(xy) < 1— T((1- vp(x)), (1- vp(y))) < S(ve(x), va(y)). Therefore vp(xy) < SC vp(x), 
vp(y)) for all x and y in R. Hence B = LJA is an (T, S)-intuitionistic fuzzy subnearring of a nearring R. 


2.11 Theorem: If A is an (T, S)-intuitionistic fuzzy subnearring of a nearring (R, +, .), then 0A is an (T, S)- 
intuitionistic fuzzy subnearring of R. 


Proof: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring R.That is A = {(x, a(x), va(x))} for all x in R. 
Let OA = B = {(x, tp(X), ve(x))} where ptp(x) =1—-va(x), ve(x) = va(x). Clearly vg(x—y) < S(vp(Xx), vp(y)) for all x and y 
in R and vp(xy) < S(vg(x), vp(y)) for all x and y in R. Since A is an (T, S)-intuitionistic fuzzy subnearring of R, we 
have va(x—y) < S(va(x), va(y)) for all x and y in R, which implies that 1-up(x—y) < S((1- p(x), (1—- us(y))) which 
implies that j1a(x—y) > 1- S((1- ptn(x)), (1- tay) = T(He(%), bn(y))- Therefore p1a(x—y) > T(tn(X), btn(y)) for all x and 
y in R. And va(xy) < S(va(x), va(y)) for all x and y in R, which implies that 1-pp(xy) < S((1-tp(x)), (1-p(y))) which 
implies that (xy) > 1-S((1-Ha00), (1-Haly))) = T(Ha(x), He(y)). Therefore jip(xy) > T(tn(X), Ha(y)) for all x and y in 
R. Hence B = OA is an (T, S)-intuitionistic fuzzy subnearring of a nearring R. 


2.12 Theorem: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearing (R, +, . ), then the pseudo (T, S)- 
intuitionistic fuzzy coset (aA)? is an (T, S)-intuitionistic fuzzy subnearring of a nearring R, for every a in R. 


Proof: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring R. 

For every x and y in R, we have ((apta)’)(x—y) = p(a)ta(x-y) = p(a)T( Has), aly) = TC p(a)ua(s), Pla)taly)) = 
T(((apta)? )(), ((abta)?)(y)). Therefore ((apta)’)(x—-y) 2 T(((a Ha)?)(X), ((abta)?)(y)). Now ((atta)’)(xy) = p(a)ta(xy) 2 
p(a)T(ua(s), Haly)) = T(p(a)bax), p(a)ua(y)) = T(((atta)?)(x), ((atta)?)(y)). Therefore ((ajta)’)(xy) = T(((a ba)?)(8), 
((auta))(y)). For every x and y in R, we have ((ava)’)(x-y) = p(a)va(x-y) <_ p(a)S((va(x), va(y)) = S(P@)vae), 
p(a)va(y)) = S(((ava)?)(x), (ava)? )(y)). Therefore ((ava)? )(x-y) < S(((ava)?)(x), ((ava)?)(y))- 
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Now ((ava)”)(xy) = p(a)va(xy) < p(a) S(va(x), vaCy)) = S(P(@)VaX), P(AVa(y)) = SC ((ava)?)X), ((ava)?)(y)). Therefore 
((ava)’)(xy) < S(((ava)?)(x), ((ava)’)(y)). Hence (aA)? is an (T, S)-intuitionistic fuzzy subnearring of a nearring R. 


In the following Theorem ° is the composition operation of functions: 


2.13 Theorem: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring H and f is an isomorphism from a 
nearring R onto H. Then Aef is an (T, S)-intuitionistic fuzzy subnearring of R. 


Proof: Let x and y in R and A be an (T, S)-intuitionistic fuzzy subnearring of a nearring H. Then we have (p1a°f)(x—y) 
= pa(f(x-y)) = paix) -f(y)) = Tira(f(X)), Ha(f(y))) = TCHach@), (Hacf)(y)) which implies that (1a°f)(x-y) 2 
T((uacf)(X), (acf)(y)). And (uacf)(xy) = Ha(f(xy)) = HalfOdf(y)) 2 T(HafG)), Ha(f))) = T(Hach(X), (uacf)(y)) which 
implies that (uacf)(xy) > T( (Macf)(x), (Hacf)(y)). Then we have (va°f)(x—y) = va( f(x-y)) = va(f(X) -f(y)) < S(va(f@)), 
va(f(y))) = S((vacf)(X), (vacf)(y)) which implies that (vacf)(x—-y) < S((vacf)(X), (vacf)(y)). And (vacf)(xy) = va(f(xy)) = 
valf(x)f(y)) < S(va(fx)), vaf(y)) = S (vacf(x), (vacf(y)) which implies that (vacf)(xy) < S((vacf)(x), (vacf)(y)). 
Therefore (Acf) is an (T, S)-intuitionistic fuzzy subnearring of a nearring R. 


2.14 Theorem: Let A be an (T, S)-intuitionistic fuzzy subnearring of a nearring H and f is an anti-isomorphism from a 
nearring R onto H. Then Aef is an (T, S)-intuitionistic fuzzy subnearring of R. 


Proof: Let x and y in R and A be an (T, S)-intuitionistic fuzzy subnearring of a nearring H. Then we have (1a°f)(x—y) 
= pal f(x-y)) = pa(f(y)-f(x)) 2 Tiua(f@)), aC f(y) = Tacx), (uacf)(y)) which implies that (j1a°f)(x-y) 2 
T(Hacf(x), (uacf)(y)). And (Hacf)(xy) = Hal f(xy) = valf(y)f(x)) 2 TC bal £0), Hal £0) = Tach), (Hacf)(y)) 
which implies that (uacf)(xy)> T((Hacf)(x), (uacf)(y)). Then we have (va°f)(x—-y) = va(f(x—-y)) = va(f(y)-f(x)) < 
S(va(f(X) ), va(f(y))) = S(vacf G9), (vacf)(y)) which implies that (vacf)(x-y) < S((vacf)(x), (vacf)(y)). 

And (vaef)(xy) = va( f(xy)) = va(f(y)f@) S$ S(va(E@)), va(E(y))) = S(vacf@Q), (vacf)(y)), which implies that (vacf)(xy) 
< S((vacf) (x), (vaef) (y)). Therefore Acf is an (T, S)-intuitionistic fuzzy subnearring of the nearring R. 


2.15 Theorem: Let (R, +, . ) and (R', +, .) be any two nearrings. The homomorphic image of an (T, S)-intuitionistic 
fuzzy subnearring of R is an (T, S)-intuitionistic fuzzy subnearring of R'. 


Proof: Let (R, +, . ) and (R', +, . ) be any two nearrings. Let f : R > R' be a homomorphism. Let V = f(A) where A is 
an (T, S)-intuitionistic fuzzy subnearring of R. We have to prove that V is an (T, S)-intuitionistic fuzzy subnearring of 
R'. Now for f(x), f(y) in R', w(f%)-f(y)) = p(y) ) = bay) = T(Ha(x), HaCy) ) which implies that p(f(x)-f(y)) = 
TC pv(F(x)), p(f(y))). Again p(fOdi(y)) = pr(f@xy)) = ba(xy) = T(HaCx), Ha(y)) which implies that p(f(x)f(y)) = 
T(u(f0x)), Hw(f(y))). And v(f(x)-f(y)) = vo(fGx-y)) < va(x-y) S S(va(x), va(y)). Therefore v.(f(x)-f(y)) < S(vo( £09), 
vo(f(y))). Again v(fOf(y))=v(fxy)) < va(xy) S S(va(x), va(y)) which implies that v(f(x)f(y)) < S (vo(fGX)), ve(f(y)). 
Hence V is an (T, S)-intuitionistic fuzzy subnearring of R'. 


2.16 Theorem: Let (R, +, . ) and (R', +, . ) be any two nearrings. The homomorphic preimage of an (T, S)-intuitionistic 
fuzzy subnearring of R' is a (T, S)-intuitionistic fuzzy subnearring of R. 


Proof: Let V = f(A), where V is an (T, S)-intuitionistic fuzzy subnearring of R'. We have to prove that A is an (T, S)- 
intuitionistic fuzzy subnearring of R. Let x and y in R. Then pa(x—y) = u(f(x—y)) = p(f(x)-f(y)) = T(u(f()), u(f0y)) 
= T(MaQX), Ha(y)) which implies that p1a(x—y) > T(ua(x), Ha(y)). Again pa(xy) = (f(xy) = nf )E(y)) = THC), 
u(f(y))) = T(Ha(x), Hay) which implies that (xy) > T(Ha(x), Haly)). And va(x-y) = v(fGx-y)) = v(fO)-f(y)) < 
S(v(f9), vo(f(y)) = S(va(x), va(y)) which implies that va(x-y) < S( va(x), vaCy)). Again va(xy) = vy(f(xy)) = 
vi(f(x)fCy)) < S(v (f(x), vvCy))) = S(vaCX), Va(y)) which implies that va(xy) < S(va(x), va(y)). Hence A is an (T, S)- 
intuitionistic fuzzy subnearring of R. 


2.17 Theorem: Let (R, +, . ) and (R', +, . ) be any two nearrings. The anti-homomorphic image of an (T, S)- 
intuitionistic fuzzy subnearring of R is an (T, S)-intuitionistic fuzzy subnearring of R'. 


Proof: Let (R, +, . ) and (R', +, . ) be any two nearrings. Let f : R > R' be an anti-homomorphism. Then f(x+y) = f(y) + 
f(x) and f(xy) = f(y)f(x) for all x and y in R. Let V = f(A) where A is an (T, S)-intuitionistic fuzzy subnearring of R. We 
have to prove that V is an (T, S)-intuitionistic fuzzy subnearring of R'. Now for f(x), f(y) in R', u(f(x)-f(y)) = 
u(fly-x)) = paly-x) > T(taCy), Ha) = T(ua(), Ha(y)), which implies that w(f0)-f)) > Taw(f9), n0(fy)). 
Again u,(f(x)f(y)) = w(E(yx)) = balyx) >T(hta(y), Ha(X)) = T(a(), Hay) which implies that w(f(x)f(y)) =T(H.(£OO), 
u(f(y))). And v,(f(0)-£(y) = vu(f(¥20) < valy-x) < S(va(y), Va) = S(va(X), VaCy)) which implies that v\(f(x)-f(y)) 
< S(v(£O), v(EG))). Again v(ECXF(y)) = v(E(yX)) < va(yx) < S(va(y), vaCX)) = S(va(X), vaCy)) which implies that 
vy(f(x)f(y)) < S(v\EC9), vo(F(y))). Hence V is an (T, S)-intuitionistic fuzzy subnearring of R'. 
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2.18 Theorem: Let (R, +, . ) and (R', +, . ) be any two nearrings. The anti-homomorphic preimage of an (T, S)- 
intuitionistic fuzzy subnearring of R' is an (T, S)-intuitionistic fuzzy subnearring of R. 


Proof: Let V = f(A), where V is an (T, S)-intuitionistic fuzzy subnearring of R'. We have to prove that A is an (T, S)- 
intuitionistic fuzzy subnearring of R. Let x and y in R. Then pa(x—y)=u,(f(x—y)) = u(f(y)-f(x) ) = T(u(f(y)), uv(fCx)) 
= T(pv(f@x)), H(f(y))) = T(Ha(x), Ha(y)) which implies that pa(x-y) > T( pax), Ha(y)). Again ba(xy) = p(f(xy)) = 
uv(f(y)f(x)) = Tin(fy)), HO) = TQHv(EC)), Ho(f(y)))= T(Ha(x), Ha(y)) which implies that pra(xy) > T(ua(X), Ha(y)). 
And va(x-y) = v(f(x-y)) = v(f(y)-f(&)) = S(vCf(y)), vol) = SQvECX)), vo(f(y))) = S(va(X), VaCy)) which implies 
that va(x—-y) < S(va(X), va(y)). Again va(xy) = v(f(xy)) = vo(f(yf(x)) = SQv(f(y)), vol) = S@vvECQ)), vuE(Y)) = 
S(va(x), Va(y)) which implies that va(xy) < S(va(x), va(y)). Hence A is an (T, S)-intuitionistic fuzzy subnearring of R. 
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